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COMPLEX BANACH SPACES WHOSE
DUALS ARE L,-SPACES

BY

ASVALD LIMA

ABSTRACT

We prove that for a complex Banach space A the following properties are
equivalent:
i) A* is isometric to an L,(u)-space;
ii) every family of 4 balls in A with the weak intersection property has a
non-empty intersection;
iii) every family of 4 balls in A such that any 3 of them have a non-empty
intersection, has a non-empty intersection.

1. Introduction

Several recent papers have dealt with complex Banach spaces whose duals are
isometric to L,-spaces. The results obtained are complex analogues of results
obtained for real spaces. We will here mention the papers of Effros [2], Hirsberg
and Lazar [5], Hustad [7], Lima [9] and Olsen [11].

In [7] Hustad introduced the notion of weak intersection property. He said
that a family of balls in a Banach space A has the weak intersection property if
their images by every linear functional of norm 1 have a non-empty intersection.
He then extended results by Lindenstrauss [10] for real spaces to complex spaces
and proved the equivalence of the following statements:

i) A* is isometric to an L,(u)-space;

ii) every finite family of balls in A with the weak intersection property has a
non-empty intersection;

iii) every family of 7 balls in A with the weak intersection property has a
non-empty intersection.

In the real case, it suffices to consider 4 balls instead of 7 balls in (iii). The aim of
this paper is to show that also in the complex case it suffices to consider 4 balls
(Theorem 4.1). In Theorem 4.1 we also show, in contrast to the real case, that
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preduals of L;-spaces are characterized by the following property: every family
of 4 balls in A such that any three of them have a non-empty intersection has a
point in common. This property is translated into a dual property in A*, and
most of the paper is devoted to the study of this dual property. In Theorem 5.1
we show that this property characterizes complex L,-spaces.

Throughout the paper we use the following notation. Let A be a Banach
space. B(a, r) denotes the closed ball with center a and radius r. The unit ball
B(0,1) will also be written A,. H"(A) is the space

{(xl,---,x,,)eA": zxi =0}

|= 27 || x: |- The convex hull of a set S is denoted
co(S). A convex cone C in A is said to be a facial cone if C = U, ., AF for some
proper face F of A, and C is said to be hereditary if forall xEC and y € A
with | x|| = ||y || + Ilx — y || we have y € C. Then C is hereditary if and only if C
is a union of facial cones {1]. A convex cone C in A is said to have the Riesz
decomposition property if for all x,,--+,Xs Y1,° ", yu € C such that 2., x; =
2.y, there exist z; € C such that

with the norm || (x,, -+, x,)

HA

(*) x,»=22,-,, y,=zz.-,~, lélén, ] ]§m

j=1 i=1
[f (*) holds with n = m =2, then (*) holds for all n and m. If C is a convex set,
3.C denote the set of extreme points of C.

2. The R, .-property

DEerINITION. Let n >k =2 be natural numbers and let A be a real or
complex Banach space. We say that A has the R, «-property if for all
(x1, -+, x.) € H"(A), there exist (zi1, -, za) € H"(A) where / runs from 1 to

n -
(k) such that:

) (xi, -, Xa) =32, (zi, "y Zin)}
@1 i) fx =2z | for all j;
iti) (zi1,* -+, Zim) has at most k non-zero components for each i
The R, .- and R, ,-properties were studied in [9] for real Banach spaces.
(They were then called R, and R..) In [9] we proved that a real Banach space A
has the R, ,-property if and only if A has the 3.2 intersection property, and that
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A has the R, ,-property if and only if A is isometric to an L,(u )-space for some
measure p. From [9, theor. 2.12] it follows that if a Banach space has the
R, »-property then it has the R, ,-property for all n = 2. For complex Banach
spaces the R, ,-properties are of no interest. It turns out that for complex spaces
the R, s-property plays much the same role as the R, »-property does for real
spaces. We are now going to prove that if A has the R, ;-property then A has
the R, s-property for all n = 4. First we need a lemma.

Lemma 2.1.  Let A be a real or complex Banach space with the R, 5-property.
Then every facial cone of A has the Riesz decomposition property.

Proor. Let C be a facial cone of A and let x,, x5, y;, v, € C be such that
xi+ Xx,=y,+ y,. Then (xi, x5, = yi, — yo,) € H*(A). By the R, s;-property, there
exist z; € A such that (2~ 1) is satisfied. We write it:

(v, X =y, Ty2)
=(0, Z,  Zi 214)
+ (221, 0, 223, Z24)
+ (231, Zx 0, Z34)
+(za, Z42, Za3, 0).

Since C is a facial cone, C is hereditary. Hence by (2-1) (ii), z; € C for
i=1,2,34andj=1,2and -z, €EC for i =1,2,3,4 and j = 3,4. Now define
elements u; € C by

U = 23—

Zys
Then since (zi,, - -, z:s) € H*(A) we get
Unt up=zutza=(Za+ 224)
=zntzatza=x

and also
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Ui+ Up = X
Un+ U =y
Uit Uy = s
Hence C has the Riesz decomposition property. The proof is complete.

THEOREM 2.2. If A is a real or complex Banach space with the R, s-property,
then A has the R, s-property for all n z 4.

Proor. Since A has the R ... s-property if and only if A has the Ry,
and the R . s-properties, it suffices to show that if A has the R, ;-property, then it
has the R (.1, ~property. So assume n = 4 and that A has the R, ;-property. Let
(X1, , Xas1) € H*'(A). Then (x5, * *, Xn-1, Xn + Xa31) € H"(A). Clearly A has
the R, .-1-property, so there exist z; € A such that (2-1) is satisfied. We write
it:

(x1, Xay 'ty Xnot, Xn F Xoi1)
:((), Z12s 7ty Zagn-tys Zln)
+ (221, 0, Zam—1y, Z2n)
(2-2) +

+ (znl’ Zn2, 0, Z"("—1)5 0)

Since (x,., Xn+1sy — Z21ins """y T Zn-Nny — Z(n-2)n Z(n—l)n) € H"(A ), by the R, s
property there exist u; € A such that (2-1) is satisfied. Now we add all elements
(i1, -+, Uin) such that u;; =0, and then we add all elements (u;, - -, uix) such
that u;,; 70 and w,=0. Then we get:

(x,., Xn+1s ~Ziny T 22m "ty T Z(-2m - Z(n‘l)n)
z(un, Uy2, U3, 0, -0, 0
+ -
(2-3)
+ (u(n*Z)l’ u(n*Z)Zy 0’ 07 tt T, u(n*Z)n )
+ (u(n—l)l, 0, Up-13s Um-145 "5 U@m-1n )

+ (0, Upn2, Un3, Una, ety Unn )
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where (i) and (ii) from (2-1) are satisfied and (iii) from (2-1) is satisfied by the
(n —2) first u-lines.

Let C be the facial cone generated by — (x, + x.«:). Then by (2-2) —z. €C
for i=1,---,(n—1), and by (2-3), u; € C for all i and for all j =3. (The
property (ii) from (2-1) is satisfied also in (2-2) and (2-3).) By Lemma 2.1 there
exist v,, wi, € C such that

Up = U + Wy, fori=(n-2),(n-1), n,

“Zm-n =T 2 Uin
i

and

— Zm-n = 2 Win.
i

Now we split the last column in (2-3) and get:

(xn, Xn+1y ~Zim ' T Zee2m T Z-in)
= (un, Uiz, Uys, -, 0, O)
_+_ PR
(2—4) + (u(nf2)l9 Un-2y2, 0, y Um-2)ny w(n-Z)n)
+ (u(n~1)1, 0, Umn-13, "5 Vm-Dny W(n—l)n)
+ (0, Un2, Un3, Sy Uy Wi ).

In (2-4) the properties (i) and (ii) from (2-1) are satisfied and also property (iii)
except for the last three lines. The next thing to do is to use the R, s-property to
decompose (U 21, U(n-225 U (n=2ms Win-2n) € H*(A ). Line three from below in
(2-4) is then replaced by these four new lines which all satisfy (iii) in (2-1). Then
we add all lines with 0 in the first component, and then we add all lines with
non-zero first component and 0 in the second component. Hence we get:

(xm xn+l; —Zln, _ZZM Y _z(n»l)n)
= (an, a2, a3, 0, T, 0)
o
(2-5)
+ (a(n—m, A (n-1)2, 0, 0, Tty a(n-l)(nﬂ))
+ (bu, 0, b|3, b14, Tty bl(rH-]))

+ (O, bzz, bz}, b24, CT bz(n+|))
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where (i) and (ii) from (2-1) are satisfied and also (iii) from (2-1) is satisfied
except for the last two lines.
We now split the last column in (2-2) as follows:

(xl, X2, Tty Xn-1, Xn,y xn+l)
= (0, 212, T, Zim-n, An— b, an— by)
+ (221, O, T, Zyn-1)y QA1 b14, A — ‘b24)
(2-6)
4 e
+(Z -1 Zm-2s "7, 0 A-tn = bimery, @2 baeny)
+ (znla Zn2, Y, Z"('I*l)’ 0, O)

Now it only remains to show that (2-6) satisfies (i), (ii) and (iii) (with k = n) from
(2-1). From (2-5) we get

2 (au - b1(5+2)) = 2 ai+bu= Xn,y

and since all b;3, by, - -+, € C and the norm is additive on C,

2 flain— bl = 2“ an | + Z 2y

= Z ” ail” + Hzibl(wz)

= 2laul +1bul = =1

Similar formulas hold for x..,. The proof is complete.
Theorem 2.2 gives a new proof of the following result:

CoROLLARY 2.3. A Banach space with the R, >-property, has the R, »-property
for all n z 3.

In Section 5 we shall show that a complex Banach space has the R, ;-property
if and only if it is isometric to an L,(u )-space.

REMARK. We do not know whether Theorem 2.2 can be generalized to other
k than 2 and 3. In the proof of Theorem 2.2 we used in an essential way Lemma
2.1. Since by Helly’s theorem [4] and Theorem 3.1 every real three-dimensional
space has the R, ,-property, Lemma 2.1 does not hold for spaces with the
R, +property.
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3. Intersection properties

DEeFINITION. Let n >k =2 be natural numbers and let A be a real or
complex Banach space. We say that A has the almost n.k. intersection property
(a.n.k.1.P.) if for every family {B(a, r;)}i=: of n balls in A such that for any k of
them

k
N B(ai,-’ ri,»)# 4]
j=1

we have

ﬁ B(a,r +e)# O for all £ >0.
j=1

The word almost is omitted if we can take £ =0 as well.

THEOREM 3.1. Letn >k =2 and let A be a real or complex Banach space. A
has the a.n.k.LP. if and only if A* has the R, «-property.

Proor. Let () be the set of all subsets of {1,2,-- -, n} consisting of exactly k
different numbers. Then () has cardinality (). For each w €, let

Se={(fr, ", fLOYEH"(A*): f. =0 for j& w}.

Then each S. is convex and w *-compact, and by Theorem 2.10 in [9], we get that
A has the a.n.k.L.P. if and only if

H"(A*),= co (wLeJn Sw>.

Assume first that A has the a.n.k.I.P., and let x,,: -+, x, € A* be such that
2l-1x; =0. Without loss of generality, we may assume X/, | x| =1, so
(x,---,x.)EH"(A*). Then there exist A, =0 with Z,cqA, =1 and
(zw1, "+, Zwn) € S, such that

(-xI,' . ',xn)= 2 Aw(zwla. : ',an)-
weN

Clearly we only have to verify (2-1) (ii). We have

1= 3 hx5l=3

i=

2 AwZu;
weEl

=3 S adzl=3 (W3 lz0)
i=1 wen QO j=t

wE

gwgn/\w =1.
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Hence
x| = 2 I Aw 2 |
well
for all j.
The other implication is also straight-forward. If (x,, -, x.) € H"(A*), with

Sallxlt=1let z; €EA* (j=1,---,nand i =1,---,,(})) be as in (2-1), and
define

A= 2z .
j=1
Then Z;A, =1 and
(X1, %)= D2 A(AT 'z, oo+, A 2) € co( U Sw).
i we

The proof is complete.
From Theorem 3.1 and Theorem 2.2 we get:

CoroLLARY 3.2. If A hasthe a.4.3.1.P., then A has the a.n3.LP. foralln = 4.

REMARK. In Section 4 we shall show that for complex Banach spaces, the
word almost in Corollary 3.2 can be omitted. We do not know if the same is true
for real spaces. In [10] Lindenstrauss proved that if A has the 7.3.1.P., then it has
the n.3.L.P. for all n = 4.

We will need the next lemma in Section 4.

LemMma 3.3. Assume that A has the a43.LP. and that (x,,x; x;)€
.H*(A*), with all x.#0. Then ||x.|['x; € 3.A%.

PrOOF. Assume x, =y, + y, with || x,|| = || y:|| + || y2|l. Then by Theorem 3.1
we can find z; € A* such that (2-1) is satisfied:

v, yn X X3)
= (0, Z12, Zy3, Z14)
+(z2, 0, Z23, Z24)
+(z3, Z32, 0, Z34)
+(Zay, Za2, 243, 0).

Hence we get
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(x, X2, X3)
=(z,s, Z13, Z14)
+ (221, Z23, Z24)
+(— 2z, 0, Z34)

+ (_ 243, 243, O)

where (ii) from (2-1) is still satisfied. This immediately gives us a convex
combination in H*(A *),. Hence 230 = 2, = 0= 23, = 23, = 2oy = 2o and 2,2 = ¢ 2
or z, = ¢z, for some constant c. But this gives that both y, and y, are multiples
of x,. Hence | x,|['x, € d.A%. x, and x, are treated similarly.

REMark. Clearly Lemma 3.3 has a natural generalization to spaces with the
a.(n+1).nLP. for n =3.

In Section 4 we will consider complex spaces only. For real Banach spaces the
following result of Lindenstrauss [10, theor. 6.3] is an easy consequence of
Lemma 3.3.

THEOREM 3.4. Let A be a closed subspace of Cw(K), for some compact
Hausdorff space K, containing the constants. If A has the a.4.3.LP., then it has the
an2.LP. forallnz=?2.

Proor. Let (x4, X2, x3) € 3.H’(A *),. By theorem 2.10 in [9] it suffices to show
that one x; = 0. Assume for contradiction that all x;# 0. From Lemma 3.3 it
follows that x; = A& [+ where |[A;| = || x| and & is a point-measure on K. Since
1€ A, we get

0= E A1) = 2 A

W.lo.g. we may assume A; <0 and A, A;>0. The convex sum
v ) s ()
A At As A, Azt Az \As
gives us a contradiction to x,/A, € 3.A}. The proof is complete.

4. Complex preduals of L-spaces

In this Section A will denote a complex Banach space. We will solve problem
1, and give partial solutions to problem 2 and 3 of Hustad [7]. All solutions are
positive.



68 A. LIMA Israel J. Math.

DEerINITION. A family of balls {B(a; r;)}ie:in a complex (real) Banach space A
is said to have the weak intersection property if for any fE€ A%,

M B(f(a.),r) #D in C(R).
iel
By Helly’s theorem, in real Banach spaces a family of balls has the weak
intersection property if and only if they are mutually intersecting, and in
complex Banach spaces a family of balls has the weak intersection property if
and only if every subfamily of three balls has the weak intersection property.

DerFINITION.  Let n = 3 be a natural number. We say that a real or complex
Banach space A is an almost E(n)-space if for every family {B(a;, )}, of n
balls in A with the weak intersection property, we have

(4-1) (Y B(ayr +e)~Q for all ¢ >0,

We say that A is an E(n)-space if we can take ¢ =0 in (4-1).
Theorem 4.1 is the main theorem of this paper.

THEOREM 4.1. Let A be a complex Banach space. Then the following state-
ments are equivalent:

1} A** is a P:-space;

il) A* is isometric to an L,(u)-space for some measure u;

iii) if {B(asr.)}icr is any family of balls in A with the weak intersection property
such that the set of centers {a}ie; is relatively norm-compact, then
N e1B(a, r) #J;

iv) A is an E(n)-space for all n = 3;

v) A is an E(4)-space;

vi) A has the n3.LP. for all n 2 4;

vii) A has the 43.LP.

Proor. The equivalence (i) ¢ (ii) is due to Hasumi [3] and Sakai [12]. The
equivalence (i) & (iv) is due to Hustad [7]. (See also Hustad [6] and Lima [9].)
The following equivalences are trivial:

(iii) > (iv) > ()
U ¥

(vi) = (vii).
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Hence we only have to prove (vii) = (iv) = (iii). These implications follow from
Corollary 4.3 and Proposition 4.4 below.

LEMMA 4.2. Let A be a complex Banach space with the a.4.3.1LP. Ifn =z 3 and
(X1, ,x.)€ H"(A™), then there exist z; €C with 2]_,z;=0 and y € 3.A%
such that x; = z;y for all j.

Proor. By Corollary 3.2, A has the a.n.3.L.P. Let (x;,* -+, x,) € d.H"(A*),.
By theorem 2.10 in [9], (x,, - - -, x,.) has at most three components different from
0. Hence it suffices to consider an element (x,, x5, x3) € 3.H*(A *),. If one x; = 0,
there is nothing to prove, so assume all x;#0. Let us write A; = ||x;|| and
g =A;'x. By Lemma 3.3 all g € .AY. We have all A; >0 and =}, A, = 1. Let i
denote the imaginary unit. Since (A,(1+ i), A(1 = i)e1, 24265, 2X5835) € HY(A*)
and A * has the R, ;-property by Theorem 3.1, there exist z,; € A* such that
(2-1) is satisfied.

(/\1(1+i)€1, A](l_i)El, 2A282, 2/\383)

=(0, 212, Z13, Z14)
+ (221, 0, Z23, 224)
+(za1, Z32, 0, Z34)
* (za, Z4p, Z43, 0).

At least one z., # 0.
Assume z,, # 0. Then since £; € 3.A ¥, there exists r > 0 such that z,, = 2rA;e;,
and similarly there exist s =0 and r = 0 such that

0= 2t Zist 2z

= S/\|(1 - i){-,‘l + t2/\282+ r2)\383.
Since
O:2r/\181+2rA2€2+2rA383
we get

A{s(1=0)=2r)e, +2A,(t ~r)e.=0.

Now A; #0 and s(1—i)#2r, so &, = z¢, for some z €C with |z | = 1. Hence
also &3 = Ae, for some A € C with |A| =1, and the conclusion of the lemma
follows.

The case z., # 0 is treated similarly.

Assume zs; # 0. Then there exist r >0 and s, t =0 such that
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2’A383 =234 — (231 + Z32)

Hence &;= ze, and also &, = Ae, for some z,A €C with |z| = |A| =1. This
concludes the proof of the lemma.
From Lemma 4.2 and [9, theor. 2.14] and [7, prop. 4.8] follows:

CoroLLARY 4.3. If a complex Banach space A has the a.4.3.LP., then itis an
E(n)-space for all n = 3.

ProposiTION 4.4. Assume A is a complex Banach space and that A is an
E(n)-space for all n = 3. If {B(a, r:)}ics is a family of balls in A with the weak

intersection property such that the set of centers {a;}:, is relatively norm-compact,

then (N.e;B(a,r)#D.

Proor. Let {B(a, r:)}icr be a family of balls in A with the weak intersection
property and such that {a;},, is relatively norm-compact. By Lemma 2.2 and the
hypothesis in the proposition,

N B(a,r+3)# 2 for all 3 >0.
€17

Clearly we may assume that all r, = K for some constant K. Define

flbe)=Vie+er—t
Then

f(t,e)= 3£I%

for small ¢ >0 and all ¢ € [0, K]. Choose ¢ >0 and define 9. = (¢/2")*/3K for
all n. Choose xo€ (Vi B(a, 1 + 3,). Now we choose inductively (x,)7. in A
such that

Xns1 € B(Xn, €127 4 3ns1) N N B(ai, 1i + 8ns1)-

iel
This is clearly possible since, when x, is found, {B(x., £/2")} U{B(a; r:)}.c: has
the weak intersection property by the choice of 3. and by lemma 6.4 in [9]. Then
(x.)n-o is a Cauchy-sequence in A and

x = limx, € M B(a,r).

n—owo
el

This completes the proof of Proposition 4.4 and Theorem 4.1.



Vol. 24, 1976 COMPLEX BANACH SPACES 71

ReMARK. (vi) and (vii) in Theorem 4.1 solves problem 1 of Hustad [7] to the
affirmative. From Corollary 4.3 it follows that if A is an a.E (4)-space, then A is
an E(n)-space for all n = 3. This gives a partial solution to problems 2 and 3 of
Hustad [7]. We have proved that in some special cases already a.E (3)-spaces are
E (n)-spaces for all n. (This result will appear elsewhere.) This partial result on
E(3)-spaces and (vii) in Theorem 4.1 is false in the real case. In [7] Hustad
proved that if A is an E(7)-space, then A is an E(n)-space for all n = 3.

5. L,-spaces and the R, ;-property

THEOREM 5.1.  Let A be a complex Banach space. Then the following proper-
ties are equivalent:

1) A is isometric to an L,(u)-space;

il) A has the R, s-property for all n 2 4;

iiiy A has the R, s-property.

PROOF.

(i) = (i). Assume A has the R, ;-property. By theorem 2.1 in [9] it follows
that A* has the 4.3.1.P. Hence by Theorem 4.1, A* is an E(n)-space for all
n = 3. By w*-compactness for balls in A * and a theorem of Hustad [6], A * is a
P,-space. Hence by results of Hasumi [3] and Sakai [12], A is isometric to an
Li(u)-space.

(i) = (ii). Suppose that A is isometric to an L,(u )-space. Then by [12], A * is
isometric to a C(K)-space, and by [3] and [6] A * is an E(n)-space for all n = 3.
But then by Theorem 4.1 and Theorem 3.1, A ** has the R, ;-property for all
n = 4. By a known result (see also (iii) = (i)) A ** is isometric to an L,(v)-space,
and by [8, §17, theor. 3] A is the range of a contractive projection in A **. Hence
A has the R, s-property for all n = 4. The proof is complete.

The following result is due to Lindenstrauss and Tzafriri (see [2]).

CoroLLARY 5.2. If A isa complex L (u)-space and P is a projection in A with
| P|l =1, then P(A) is isometric to an L,(v)-space.
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